If an inverse limit space X = lim← Xn is constructed in similar fashion to the Hawaiian earring then π 1 (X) inherits a natural quotient topology from the space of loops in X, and the canonical homomorphism φ : π 1 (X) → lim← π 1 (Xn) is continuous and injective. The main result of this paper is that φ is not an embedding. This contradicts a theorem in the literature.
Introduction
Considered as a quotient space of path components of based loops, Biss [1] has shown that the fundamental group π 1 (X, p) of a space X is a topological group, and for this topology to be interesting it is necessary that X is not semilocally simply connected (Theorem 5.1 [1] ).
At center stage among non locally simply connected spaces is the Hawaiian earring HE, the union of a null sequence of simple closed curves joined at a common point p.
The fundamental group π 1 (HE) and related topics have recently received considerable attention from a number of perspectives in papers by Biss [1] , Bogley and Sieradski [2] , Cannon and Conner [3] [4] , DeSmit [6] , Eda [8] [9] , Fischer [11] , Kawamura [7] , Zastrow [5] [14] [15] , and the author [10] .
In a foundational paper preceding these developments, motivated by the special case of the Hawaiian earring HE, Morgan and Morrison [13] proved the following: Given a sequence of spaces Y n joined at a common point p (and assuming Y n is 1st countable and locally simply connected at p), then, considering X as the inverse limit of (Y 1 ∪ ... ∪ Y n ) under the natural retractions, the canonical homomorphism φ :
The injectivity of φ is the motivation for this paper and begs the question "Is φ an embedding of topological groups?" The question has been answered in the affirmative in [13] and [1] . However Morgan and Morrison do not use the canonical quotient topology on π 1 (X). I believe the argument by Biss is incorrect ( "ψ −1 is surely continuous as well..".p. 370 [1]-(hence Theorem 8.1 [1] p. 371 is false)), and offer in Theorem 1 a counterexample and hence a negative answer to this fundamental question regarding spaces constructed in similar fashion to the Hawaiian earring.
Preliminaries
Suppose X is a topological space and p ∈ X . Endowed with the compact open topology, let C p (X) = {f : [0, 1] → X such that f (0) = f (1) = p}. Then the topological fundamental group π 1 (X, p) is the quotient space of C p (X) obtained by considering the path components of C p (X) as points.
If A 1 , A 2 , are topological spaces and f n : A n+1 → A n is a continuous surjection then, (endowing A 1 × A 2 .. with the product topology) the inverse limit space
For the remainder of the paper we make the following assumptions.
. is a nested sequence of locally simply connected metrizable spaces with p ∈ X 1 .
Assume X n+1 = X n ∪ Y n with X n ∩ Y n = p and assume Y n is not simply connected.
Let r n : X n+1 → X n denote the retraction collapsing Y n+1 to the point p.
Let X = lim ← X n , the topological inverse limit space under the maps r n .
The following theorem-like environments (in alphabetical order) are available in this style.
Main Result
We prove φ is not an embedding by exhibiting in Theorem 1 a closed set A ⊂ π 1 (X, {p}) such that φ(A) is not closed in lim ← π 1 (X n , p).
..x n , x n , ..) is a bijection embedding X n into X. Thus we endow ∪ ∞ n=1 X n with the topology that makes h a homeomorphism and henceforth can identify X with ∪ ∞ n=1 X n and we can consider X n to be a subspace of X.
Since Y n is not simply connected for each n ≥ 1 select a homotopically nontrivial path y n : [0, 1] → Y n based at p. Let (y 1 * y n * y −1 1 * y −1 n ) n : [0, 1] → Y 1 ∪ Y n denote the path with 4n pieces obtained by concatenation. 1] such that redefining f to be p on U creates a map g path homotopic to f of the form a 1 * b 1 * c 1 * d 1 * a 2 * b 2 .... * d n such that the following pairs of maps are path homotopic in Y 1 ∪ Y n : a i and y 1 , b i and y n , c i and y −1 1 , d i and y −1 n . Proof. We build g in 3 stages. Stage 1. Since f is path homotopic to (y 1 * y n * y −1 1 * y −1 n ) n the maps R n (f ) and R n ((y 1 * y n * y −1 1 * y −1 n ) n ) = (y 1 * y n * y −1 1 * y −1 n ) n are also path homotopic. Moreover R n (f ) is the map obtained by the following procedure: For each component J of Since Y 1 ∪ Y n is locally simply connected at p, β is path homotopic in Y 1 ∪ Y n to α.
Stage 3. Since [0, 1]]\β −1 (p) has finitely many components, β is the concatenation of paths β 1 * β 2 .. * β k where β i is an essential loop in either π 1 (Y 1 , p) or π 1 (Y n , p). Each stage of word reduction in the free product π 1 (Y 1 , p) * π 1 (Y n , p) corresponds to replacing certain null homotopic subpaths β i * ... * β i+j with the constant path p. Repeating this process until termination, it follows from the Van Kampen Theorem isomorphism [12] that the resulting path must be of the form advertised in the statement of the Lemma.
Because Y 1 is locally simply connected at p, there exists ε > 0 such that if z 1 : [0, 1] → Y 1 is an inessential and z 1 (0) = z 1 (1) = p then diam(im(z 1 )) ≥ ε.
Proof. Obtain g and U as in Lemma 1. Consequently the paths a i and c i have diameter at least ε and we may choose t *
Let t i be either endpoint of J. Lemma 3. Suppose α n : [0, 1] → X is a sequence of maps such that α n is path homotopic to (y 1 * y n * y −1 1 * y −1 n ) n . Then {α n } has no subsequential limit. Proof. For each n ≥ 1 choose a set E n = {t 1 , ..., t 4n } as in Lemma 2. Let mesh(E n ) = min{t i − t i+1 }. Note lim n→∞ mesh(E n ) = 0. Thus the maps {α n } are not equicontinuous. Hence, by Ascoli's Theorem no subsequence can converge uniformly to a map α : [0, 1] → X. Proof. Suppose f 1 , f 2 , ..is a sequence in C p (X) and f 1 and f m are path homotopic in X for each m. Suppose f ∈ C p (X) and f n → f uniformly. Because X n is locally simply connected, the path components of C p (X n ) are closed. Because X n is a retract of X, f 1 and f m are path homotopic in X n . Thus f 1 and f are path homotopic in X n for each n. Since φ is one to one (Theorem 4.1 [13] ), f and f 1 are path homotopic in X. Hence f ∈ C p (X).
, .., [p], [(y 1 * y n * y −1 1 * y −1 n ) n ])], (y 1 * y n * y −1 1 * y −1 n ) n ]), ...) where for i ≤ n − 1 the ith coordinate is the trivial element [p] of π 1 (X i , p). Since convergence in an inverse limit space is determined by pointwise convergence of the coordinates, this proves {φ([(y 1 * y n * y −1 1 * y −1 n ) n ])} converges in lim ← (π 1 (X n , p)) to ([p], [p], ...) / ∈ {φ([(y 1 * y n * y −1 1 * y −1 n ) n ])}. Conversely, let F : C p (X) → π 1 (X, p) denote the natural quotient map. Let A = F −1 ({[(y 1 * y n * y −1 1 * y −1 n ) n ]}). Suppose α is a limit point of A. Choose a sequence of distinct maps α 1 , α 2 , ... ∈ A such that α n → α. If possible choose N such that α n is path homotopic to (y 1 * y N * y −1 1 * y −1 N ) N for infinitely many indices. In this case it follows from Lemma 4 that α is path homotopic to (y 1 * y N * y −1 1 * y N ) N and hence α ∈ A. If no such N exists then it would follow from Lemma 3 that α n does not converge, contradicting the fact that α n does converge. Thus α ∈ A and hence A is closed. Since F is a quotient map F (A) is closed in π 1 (X, p).
